Let n be a positive integer. We investigate pairs of distinct odd primes p and q not dividing n for which the Diophantine equations pq = x 2 + ny 2 have integer solutions in x and y. As its examples we classify all such pairs of p and q when n = 5 and 14.
Introduction
In a letter to Blaise Pascal dated September 25 in 1654 Fermat announced that for primes p and q (1) p, q ≡ 3, 7 (mod 20) =⇒ pq = x 2 + 5y 2 for some x, y ∈ Z.
And, Lagrange [6] first noted that p ≡ 3, 7 (mod 20) =⇒ p = 2x 2 + 2xy + 3y 2 for some x, y ∈ Z.
He then presented the identity (2) (2x 2 + 2xy + 3y 2 )(2z 2 + 2zw + 3w 2 ) = (2xz + xw + yz + 3yw) 2 + 5(xw − yz) 2 , which completes the proof. On the other hand, what can we say about the other direction of (1)? As far as we understand, not much has been known in this theme so far. More generally, let n be a positive integer, and let p and q be distinct odd primes not dividing n. In this paper we shall find an equivalent condition under which the product pq can be represented by the principal form x 2 + ny 2 (Theorem 4.1). To this end, we shall review some classical facts about form class groups and ideal class groups ( §2-3), from which we are able to give a satisfactory answer to the question above and to the solvability of the Diophantine equation pq = x 2 + 14y 2 (Examples 5.1 and 5.2) as well.
Binary quadratic forms
We first introduce a general version of the identity (2).
We have the identity
Proof. Immediate.
Let f (x, y) = ax 2 + bxy + cy 2 be an integral binary quadratic form (for short, a form).
It is said to be primitive if its coefficients a, b and c are relatively prime. Let m be an integer. We say that m is represented by f (x, y) if the equation m = f (x, y) has an integer solution in x and y. Moreover, if such x and y are relatively prime, then we say that m is properly represented by f (x, y). Let f (x, y) and g(x, y) be primitive positive definite forms of the same discriminant. We say that they are equivalent (respectively, properly equivalent) if there is an element p q r s of GL 2 (Z) (respectively, SL 2 (Z)) such that f (x, y) = g(px + qy, rx + sy).
The equivalence and properly equivalence of forms are indeed equivalence relations. Let n be a positive integer. Euler called n a convenient number if it satisfies the following properties:
Let m be an odd positive integer relatively prime to n which is properly represented by x 2 + ny 2 . If the equation m = x 2 + ny 2 has only one solution with x, y ≥ 0, then m is a prime.
We say that two primitive positive definite forms of discriminant D (< 0) are in the same genus if they represent the same values in (Z/DZ) × . Then it is well-known that n is a convenient number if and only if every genus of discriminant −4n consists of a single properly equivalence class [1, Proposition 3.24] (see also [4] , [9] and [10] ).
Ideal class groups
Let K be an imaginary quadratic field of discriminant d K and O K be its ring of integers.
We denote by I(O) the group of all proper fractional O-ideals (under multiplication), and by P (O) its subgroup of all principal O-ideals. We call the associated quotient group C(O) = I(O)/P (O) the ideal class group of the order O. Then we will relate this ideal class group C(O) with the form class group C(D) defined in §2 via the following isomorphism Furthermore, let I(O, f ) be the subgroup of I(O) consisting of all proper factional O-ideals prime to f , and let I K (f ) be the group of all fractional ideals of K prime to f . Then we have an isomorphism
f is given by
On the other hand, we know by the existence theorem of class field theory that there exists a unique abelian extension H O of K whose Galois group satisfies Theorem 4.1. Let n be a positive integer, and let p and q be distinct odd primes not dividing n. Then, pq = x 2 + ny 2 for some x, y ∈ Z ⇐⇒ there is a reduced form of discriminant −4n
representing both p and q.
Proof. First, assume that there exists a reduced form f (x, y) = ax 2 + bx + c of discriminant −4n representing both p and q. Then we have p = f (x 1 , y 1 ) and q = f (x 2 , y 2 ) for some x 1 , y 1 , x 2 , y 2 ∈ Z.
It follows from b 2 − 4ac = −4n that b is an even integer. So we achieve by Lemma 2.1
This yields that pq can be written in the form x 2 + ny 2 for some x, y ∈ Z.
Conversely, assume that (5) pq = x 2 + ny 2 for some x, y ∈ Z.
Since p and q are distinct odd primes not dividing n by hypothesis, we deduce from (5)
This implies that both p and q split in the imaginary quadratic field K = Q( √ −n). Let (6) pO K = pp and qO K =be the prime ideal factorizations of pO K and qO K , respectively. We then derive that
= (pp)(qq) by (6) = (pq)(pq) (= (pq)(pq)).
Thus without loss of generality we may assume by the uniqueness of prime ideal factorization in O K that
On the other hand, let O = [1, 
by considering the isomorphism φ f in (4) and its inverse map φ
This completes the proof of the theorem.
Examples
In this section we shall present a couple of concrete examples of Theorem 4.1.
Example 5.1. First we consider the question raised in §1 about the Diophantine equation pq = x 2 + 5y 2 . Let n = 5. There are two reduced forms of discriminant −4n = −20, namely x 2 + 5y 2 and 2x 2 + 2xy + 3y 2 .
One can then readily check that for some x 1 , y 1 ∈ Z, (10)
for some x 2 , y 2 ∈ Z.
(11)
Here, x 1 , y 1 , x 2 , y 2 are all nonzero integers modulo p because p is relatively prime to 14. We claim by (10) that p splits in K = Q( √ −14) and
Moreover, since 2 is ramified in K, we have (13) 2O K = aa with a = a.
We then see that
= (aa)(pp) by (12) and (13) = (ap)(ap) (= (ap)(ap)).
So, without loss of generality we may assume that ap = (2x 2 + √ −14y 2 )O K . And, since p is principal by (12), we get that a is also principal, say, a = (u + √ −14v)O K for some u, v ∈ Z. It then follows that 2 = N O K (a) = N K/Q (u + √ −14v) = u 2 + 14v 2 .
But there is no such pair of integers u and v, which yields a contradiction. Hence we conclude that (14) there is no odd prime p not dividing 14 which can be represented by both x 2 + 14y 2 and 2x 2 + 7y 2 .
Therefore we achieve by Theorem 4.1, Proposition 2.2, (8), (9) and (14) that for distinct odd primes p and q not dividing 14 pq = x 2 + 14y 2 for some x, y ∈ Z ⇐⇒ both p and q are represented by 
